This paper presents a novel method to obtain fully analytical expressions of the magnetic field created by a pyramidal-frustum shaped permanent magnet. Conventional analytical tools only provide expressions for cuboidal permanent magnets and this paper extends these tools to more complex shapes. A novel analytical model for the magnetic field induced by triangular charged surfaces is combined with the field expressions for rectangular charged surfaces. This provides a fully analytical expression for the magnetic field of a pyramidalfrustum shaped permanent magnet. Field and force obtained using this model are validated with Finite Element Modeling.
I. INTRODUCTION

P
ERMANENT MAGNET (PM)-based gravity compensation is a relatively new but increasingly used technique in vibration isolation devices [1] - [3] . Conventional techniques, such as hydraulic or air-based gravity compensators, generally exhibit higher force density and are technically more mature compared to PM based devices. However, PM based vibration isolation provides a high control bandwidth and reduced energy consumption with respect to the previously mentioned techniques, and is for this reason considered a feasible alternative for the conventional techniques.
In order to achieve high positioning requirements and simultaneously minimized energy consumption it is essential that the PM modeling accuracy is maximized. In this way the effort required from the controller and with this the energy consumption is minimized, since the controller does not need to compensate for large modeling errors. Another demand for the machine model is a low calculation time, which enables quick and efficient topology optimization.
It is shown in [3] that the PM topology of a gravity compensator is of significant influence on the produced force. More specifically, topologies which focus the magnetic flux to a small volume, such as the Halbach topology, provide the highest force density. In [3] , solely cuboidal PMs are used to investigate the achievable force density for bidirectional (or checkerboard) arrays and Halbach arrays. Increased flux focusing properties, hence, increased force density, may be achieved by means of differently shaped PMs, such as the 3D trapezoidal magnets in this paper.
Models with trapezoidal permanent magnets have been implemented for translating and for spherical electrical machines in [4] - [6] . In many cases, harmonic field modeling is a very suitable method, as a result of the inherent geometrical periodicity of the topology and negligible end effects. However, in a high-precision gravity compensator the end effects should be incorporated, since this increases the model accuracy. Additionally, the field at the edges of the device can be used as part of active devices which provide stability and accuracy. Therefore, analytical charge modeling [7] , [8] is used in this paper, since it provides exact, non-discrete field modeling of the PM. The 2D trapezoidal PMs in the Halbach topology described in [4] - [6] , become 3D pyramidal frustums in the 3D cartesian coordinate system, as shown in Fig. 1(a) . An example of the resulting Halbach array is shown in Fig. 1(b) .
The variables which define the pyramidal frustum are explained in Section II. Section III then elaborates on the separation of the side surfaces into more simple geometrical shapes, for which the field expressions are derived. The resulting field expressions are validated in Section IV. Finally, Section V presents conclusions on the feasibility of the analytical expressions.
II. DEFINITIONS OF THE PYRAMIDAL FRUSTUM
The pyramidal frustum, or 3D trapezoidal PM, is defined in surface of the pyramidal frustum has its own local coordinate system, hereafter referred to with the prefix . In Section III.C these prefixes are used extensively to distinguish the various coordinate systems.
III. FIELD CALCULATION
The novel analytical expression for the magnetic field of the pyramidal-frustum shaped PM is derived by identifying fourteen individual geometrical surfaces. Each trapezoidal side plane is cut into one rectangular and two triangular planes, as is shown in the unfolded pyramidal frustum of Fig. 3 . For each surface, the analytical field is obtained individually. Two surface types, rectangular and triangular, are now distinguished.
A. Field of the Rectangular Charged Surface
The field expressions for the rectangular charged surface apply to surfaces 1, 2, 4, 7, 10 and 13. These analytical expressions are found in [7] .
B. Field of the Triangular Charged Surface
The field expressions for the triangular charged surface apply to surfaces 3, 5, 6, 8, 9, 11, 12 and 14. Fig. 4 shows that two orientations, and , of the triangular surface are distinguished. Each of these surfaces is the result of a 180 rotation of the other around the -axis and therefore both charged surfaces have slightly different field expressions. Fig. 4 also shows the location of the origin, . The complete expressions for the triangular charged surfaces are proposed in [9] . In this paper, only a basic derivation is presented. The general expression for the magnetic field of a uniformly magnetized permanent magnet in free space is [10] (1) (2) In this equation represents the magnetic charge density, and is a position vector defined by . The integration surface is , which is triangular (Fig. 4) . The resulting -component of the magnetic flux density of surface is now given by (2) Similarly, the integration limits of the other field components are derived. Table I shows for each field component which variable is in the inner and which is in the outer integral, and it shows what the respective integration limits are. As mentioned at the beginning of this Section, exact solutions are presented in [9] . The field expressions of surfaces and complement each other, or
The matrix is a rotation matrix of 180 around the -axis and can therefore be used to calculate field for both cases. On the other hand, direct implementation of the field expressions for both surfaces provides a faster algorithm. For , the expression for produces no valid result, as some of the terms are divided by zero. Research of the magnetic field [9] around this surface has shown that . The expressions also do not solve correctly at the vertical side planes of the triangular shape, for defined by and . The authors were not able to analytically solve this problem, and have therefore implemented linear interpolation around those non-solving points. Such an approach works very good, as can be seen from the flux density graphs in Section IV. 
C. Field of the Pyramidal Frustum
It was shown in Fig. 3 that fourteen rectangular and triangular surfaces are identified within the pyramidal frustum. With the field expressions for the rectangular surface and those for the triangular charged surface, the magnetic field of the pyramidal frustum is obtained. The charge density of each surface is defined by the inproduct (5) The vectors and are the magnetization and remanent flux density of the PM, respectively, and is the normal vector of the surface. By applying this equality to all surfaces, the condition that the net magnetic charge of the PM must be zero is satisfied.
At a random observation point in global coordinates the magnetic field induced by surface (with ) is obtained by (6) The vector defines the relative position of the observation point with respect to the reference point of surface in global coordinates. Table II defines these reference points. This table also indicates which rotation matrix must be applied for the respective surfaces. Multiplication with the rotation matrix transforms the global coordinates into the local coordinates of surface , after which is obtained. Finally, multiplication of with the inverse rotation matrix transforms the magnetic field expression from local to global coordinates, hence, gives . The rotation matrices and the variables and from Table II are given by the equations below. The matrix is the unity matrix.
(7) Vectorial summation of the magnetic fields obtained by (6) over the fourteen surfaces provides exact analytical expressions for the magnetic field, , of the pyramidal frustum.
IV. FIELD AND FORCE VERIFICATION
A finite element modeling (FEM) software package [11] is used to verify the analytical field expressions of the interaction field. Dimensions are those of PM1 shown in Table III . Figs. 5(a) and (b) show the magnetic flux density, , obtained analytically and the flux density obtained by means of FEM, respectively. The tested surface is parallel to and 1 mm separated from surface 10 (Fig. 3) . The difference between analytical and FEM results (Fig. 5(c) ) is very low (with an absolute mean value is T). Comparison with the FEM results in Fig. 5 (b) which clearly are noisy, reveals that this error is mainly due to numerical noise in FEM.
Although that the calculation time is very low, the analytical expressions of the magnetic field induced by a pyramidal- frustum shaped PM are rather complicated [9] . This makes integration of these fields over a surface, necessary for analytical force calculation, very difficult to achieve. Therefore, the Maxwell Stress Tensor (MST) method [10] is used in this paper to obtain the interaction force. Although being semi-analytical, it provides very accurate calculation of the interaction force between PMs. This is illustrated in Fig. 6 , which shows the simulation results obtained by MST (0.5 mm discretization), and FEM for two pyramidal frusta which are moved with respect to each other. Dimensions and orientation of both PMs are shown in Table III . The figure demonstrates that the MST method is a highly accurate method for modeling the interaction force between pyramidal-frustum shaped PMs and is therefore very suitable to be used in the design process of a PM based gravity compensator.
V. CONCLUSION
This paper presents a novel method to obtain fully analytical expressions of the magnetic field created by a pyramidal-frustum shaped permanent magnet. Fourteen rectangular and triangular surfaces are identified which form the pyramidal frustum. A method to derive the analytical field expressions for the triangular shaped charged surface is presented, together with a short discussion on validity of the mathematical solution. Matrix translations and rotations are subsequently used to obtain the analytical field expressions for the pyramidal frustum. These expressions are validated using FEM results. Using the Maxwell Stress Tensor method the force is obtained semi-analytically. Results match closely with FEM results. This method allows a relatively fast calculation of the field and interaction force of arrays with pyramidal-shaped PMs.
